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It is common practice to use the return series from closing prices in order to
estimate the values of variables to be used in Modern Portfolio Theory (MPT).
In fact the closing price series is generally what is referred to when price data
or a financial time series is mentioned. We know this series to be made up of
discrete points recorded as the last traded price on a specific day. But we also
know this gives no indication of where the price has moved during the day. It
is also widely believed that the price breaking through a certain level can be an
indication of future movements. The highs and the lows, regardless of what one
may believe they represent exactly, do, together with the closing prices, give a
more complete view of the behaviour of a moving price. Yet they are for the
most part left unused.
It is known that the series of highs and lows are published and are widely
available, at least as available as closing prices. The question that needs to be
answered is: are the highs and lows valuable enough to warrant their use in
MPT, and if so, what would this entail?
It will be attempted, through an empirical study, to determine whether or
not it is worthwhile to incorporate the highs and lows into the existing frame-
work of MPT, and how this might be accomplished. It must be discovered more
clearly whether there is extra information in the highs and lows that is not in
the closings. The high and low series must also be used in core procedures like
the calculation of the efficient frontier or the determination of actual portfolios
in order to see if there is an appreciable difference to just using closings. This
should give is an indication of how one might use the highs and lows in MPT if











2 Literature Review and Discussion
The uses of high and how price data as relevant to Modern Portfolio Theory
(MPT) seem not to be covered extensively in the literature. In a simplistic
sense, it does seem natural when preoccupied with the calculation of expected
return and standard deviation to simply use closing prices, so it might be easy
to overlook the highs and lows. For this reason, and if it adds value, it may be
prudent to try to find a way to easily incorporate the simple high and low series
into the theory. It is obvious that if there is any valuable information in the
highs and lows, not using them might be a mistake.
Cheung (2006) contends that "[the high and low] correspond to the prices
at which the excess demand is changing its direction — the information that
is not reflected by data on closing prices." And Parkinson (1980), which has
been modified by Beckers (1983), Garman (1980) and others, showed that the
price range is a more efficient estimator of volatility than the variance estimator
that uses close to close data (under assumptions of course). This meaning
that to completely overlook the high and low data might indeed be a mistake,
specifically since it may be very useful for estimating variance.
Going further, Lin (1994) presents a model that highlights the relations
between stock return variance and the high-low price range. While Beckers
(1983) "shows on the basis of empirical tests that the daily price range does
contain important new information concerning the stock price variability."
Therefore, we can be fairly certain that highs and lows do contain valuable
information and cannot be overlooked in MPT. Based in this understanding the













3.1 Specific Shares and Indices
The share data universe consists of 10 shares which will be used in the construc-
tion of portfolios, and which are listed in Table 1. The shares are also used as
dependent variables in the Sharpe and Troskie-Hossain models, where the in-
dependent variables are the 6 indices listed in Table 1. All data were procured
from McGregor BFA, which is available in the UCT main library.
All data are weekly (downloaded as such) and the High, Low and Closing
price series for each share are used. The closing price is considered to be the last
price of a given week, where the high and low are the supremum and infimum
of the stock price in that week respectively. The data period is from 01 March
1996 to 08 January 2010 and comprises 730 observations.
Log returns of these prices will always be employed for analysis and dividends
are not considered. The log return is defined as: rt In(i—st—), where rt is the
return for the period s to t (s < t), t 1, N is a time index , in is the natural
logarithm and St is the stock price at time t. The specific shares and indices
were chosen for the following reasons.
The shares are of companies that are all large, well established institutions.
Therefore their shares are liquid and there is no problem of thin trading. This is
an issue since prices are only recorded when a transaction takes place, if a share
is thinly traded, the price on a given day could have been recorded relatively
far in the past. But most importantly, the shares are diverse and represent
different sectors of the economy which will allow us to effectively diversify our
portfolios. The shares were also chosen in conjunction with the indices in light










In Figure 1 it is seen that the High, Low and Closing price drift together
over time, though their distance from one another varies. This indicates changes
in the volatility of the price. Figure 2 plots log returns from High, Low and
Closing prices side by side for each week. This is illustrative of the sometimes
large differences in the returns of the different series.
3.2 Descriptive statistics
As mentioned previously, High, Low and Closing (H, L C) data will be used
in the analyses. Descriptive statistics of the log returns of the entire dataset






























4 The Markowitz, Sharpe and Troskie-Hossain
Models
4.1 The Markowitz Model
Markowitz's seminal 1952 paper on "Portfolio Selection" describes the manner
in which a rational investor, who desires more return for less risk, might pro-
ceed. It explains how one might consider choosing a portfolio as a constrained
maximisation/minimisation problem in which one tries to achieve a portfolio
with minimum variance for a given level of return, or with maximum return for
a given variance, since variance is considered essentially as risk. The model is
briefly outlined below.
Suppose a portfolio consists of p shares, with returns, expected returns and
covariance matrix respectively:
A portfolio is efficient if:
• For a given variance, expected return is maximised, or:
• For a given return, expected variance is minimised.
• The portfolio may not have negative weights (no short selling).
One would want to maximise the expected return while minimising the portfolio
























































of heteroskedasticity and autocorrelation. It is for these reasons that these
dynamic time series models are used. They account for heteroskedasticity and
autocorrelation, thereby insuring that BLUE is arrived at.
4.5 Empirical examples
Efficient frontiers for the models that have been discussed are now calculated
using Closing data, the entire data period is used. Examples of optimal portfo-
lios will then be given. In these plots of efficient frontiers and for all to follow,
values for mean and standard deviation are annual.
Figure 3 shows that the Troskic-Hossain model tracks the Markowitz and
that the Sharpe shows lower risk for decreasing standard deviation. This is ex-
pected since the Troskie-Hossain takes covariances between shares into account
whereas the Sharpe does not. Generally negative covariances will decrease risk
and positive covariances will increase risk. The Sharpe model takes neither into











Figure 5 shows the effects of AR and GARCH modelling. When compared
to the standard Sharpe and Troskie-Hossain models, the AR-GARCH modelling
adjusts risk downward at low standard deviations. Figures 3 to 5 summarise
the performance of the separate models. For investigations in later sections the
Troskie-Hossain model is favoured due to its use of more information than the
Sharpe.
Figures 6 and 7 show better how the efficient frontier is moved away from the










Figure 6 shows the progressing of the Sharpe efficient frontier through the use
of different modelling. The Sharpe model underestimates risk and AR-GARCH
modelling reduces it further resulting in much lower apparent risk. This might
be attractive to an investor who seeks out lower risk portfolios, but the model
may not be accurate.
Figure 7 also shows the shifting of the efficient frontier toward lower risk.
The Troskie-Hossain model is most likely a better estimate of the true risk over
the efficient frontier. The identified low risk area might well be very useful to
an investor. Figure 7's x axis (standard deviation) has been shortened to give
a better view of the movement of the efficient frontiers, it initially ran to 0.33.
4.5.2 Optimal portfolios
With the introduction of the riskless asset, it is possible to calculate the Capital











can be engaged in, the line from the risk free asset in mean - standard deviation
space that is tangent to the efficient frontier is the CML. Any efficient point on
the CML is expressed as a combination of the risk free asset and the tangency
portfolio. This theory is due to Tobin (1958). Every point on the CML is more
efficient than any on the efficient frontier. Therefore the tangency or optimal
portfolio is the most efficient portfolio an investor can invest in without holding
or borrowing cash.
The optimal portfolios for the Markowitz, Sharpe and Troskie-Hossain Mod-
els using AR-GARCH modelling are calculated. The risk free rate is taken as
the the current 91 day Treasury Bill rate of 7.10%, which converts to an annual











5 Efficient Frontiers using High, Low and Clos-
ing Prices
The differences between high, low and closing data are apparent. Bearing in
mind that the literature found value in high and low prices, it is desirable to ob-
serve the differences these data will cause in core structures of Modern Portfolio
theory. Namely; the efficient frontier and its associated optimal portfolio. The
first and simplest usage of H, L and C data considered is the creation of separate
efficient frontiers and optimal portfolios for the 10 shares in the portfolio. These
can then be compared and differences noted.
5.1 Efficient Frontiers
The 3 separate efficient frontiers for H, L and C data will be plotted together on
the same figure for the entier data period such that relevant differences might
become apparent. Note that the shape and location of the efficient frontier in
mean - standard deviation space depends on the expected return and standard
deviation of individual shares as well as the covariance structure between shares.
The shape and location in the following figures are indicative of the differences










Figure 9 shows some of the differences in the data that were shown in section
2. The lower volatility of the highs and closings compared to the lows along
with the similarities in expected return are evident. The difference in the shape
of the efficient frontier of the lows is noticable, caused by the higher volatilities
exhibited by the lows as well as the covariance structure. Table 6 shows the
standard correlation matrix of the lows. The correlation matrix for the highs is










Table 6 is very similar to Table 7 in the relative positions of the efficient
frontiers. In further tests that compare H, L and C data the Troskie-Hossain
model will be used for simplicity, the above Figures suggest that relative in-
formation is preserved and that AR and GARCH modelling is not absolutely
necessary.
6 Backtesting of Optimal Portfolios based on
High, Low and Closing Data
From the previous section it is evident that optimal portfolios can be constructed
using High, Low or Closing data. In order to compare these 3 portfolios in a
practical manner, a backtest is performed. The portfolios will be constructed
using historical data together with the Troskie - Hossain Improved Multiple
Index Model. The Troskie - Hossain model includes more information than
the Sharpe model and can be incorporated into a backtest in a straightforward
manner. AR and GARCH modelling is not included for any dataset since rel-
ative performance is of interest and so as not to overcomplicate the backtests.
The performance (with respect to portfolio value) over differing periods will be
measured and will give an indication as to whether either H, L or C data is
preferable for the construction of optimal portfolios for this dataset.
The nature of the tests that will be carried out is as follows.
There will be an initial optimisation period of set length over which optimal
portfolios for H, L and C data will be created. For the year immediately follow-
ing this period, an amount of 1 unit will be invested in each of the 3 portfolios.
The return on each share for this year is measured using the closing prices at











where ,S0 and S1 indicate the closing price at the beginning and end of a year.
These returns are then used to determine the portfolio return.
At the end of this first year, the optimisation will again be performed, but
this time over the length of the optimisation period immediately preceding the
current date. This amounts to rolling the initial optimisation forward by one
year. The portfolio is then rebalanced according to the new efficient portfolio.
When this is done, no cash is injected into the portfolio or withdrawn from it.
It is self financing.
This procedure is repeated year after year until the end of the data period.
The optimisation period is variable, but only initially. These periods are not
altered once the rolling over of optimisations has begun.
This is the core test and Diagram 1 gives a visual representation. Table 8
details the lengths of different quantities for all tests performed.
After the results of these tests have been given the investment period of
1 year will be lengthened to 2 years for reasons to follow. The optimisation
periods will remain variable for these tests and will now in effect be rolled over
by 2 years for each rebalancing of the portfolio.
6.1 Annual portfolio rebalancing
The tests will run over the entire data period (1996 - 2010). This means that
portfolios with shorter optimisation periods will be invested for longer. For











9 years (until 2010), a portfolio optimising over 4 years will invest in the first
portfolio 1 year earlier and be invested for  10 years (until 2010). As stated
above, the portfolio is self financing and therefore cumulative. It is expected to
grow over its investment period and this growth is shown in the plots to follow.
Immediately below, the test structure is shown in Diagram 1.
In Diagram 1 the optimisation period is seen to roll forward. This period
is variable for different tests, the one year growth period (shown in colour in
Diagram 1) is not for these initial tests.
The 5 year optimisation period will be considered a benchmark as it is a
satisfactory tradeoff between large enough sample size and period over which
betas are stable, as detailed in Bradfield (2003). Optimisation periods from 3
to 7 years are used as they are realistic and will give concise and informative










Figures 10 to 14 show the dominance of optimal portfolios created from Low
and Closing data. The optimal portfolio from the Highs falls behind in value over
the vast majority of both optimisation periods and life of the portfolios. Further,











whereas those from Closing data seem to overtake the Low portfolios at longer
optimisation periods. The relative performances of H, L and C portfolios are
summarised in Table 9. A position of 1 is best. 3 is worst.
6.2 Biennial portfolio rebalancing
In the previous section, different optimisation periods were considered but the
rebalancing/forecast period was fixed. The period between rebalancings was 1
year as it is logical to include the most recent information available into the
structure of a portfolio. In the following figures, rebalancings are moved 2 years
apart. This would not be practically ideal, but rebalancing a portfolio can be
costly in terms of fees and tax. Therefore, the results of holding a portfolio for











Figures 15 to 17 only optimise over 3, 4 and 5 years. This is due to the data
period, longer investment periods imply less data points in the results.
The benchmark optimisation period of 5 years again shows the dominance
of the optimal portfolio created from Low data. It is now substantially more
pronounced in its dominance than the benchmark portfolio using 1 year rebal-
ancings. The 3 year optimisation shows the same structure, with the 4 year
optimisation showing an inversion in the order. Relative positions of portfo-
lios are summarised in Table 10. The similarity to Figures 10 to 14 is that for
all 3 optimisation periods it would have been better to use either the Lows or
Closings.
6.3 Results
From an empirical point of view, for this particular dataset, it can be concluded











have been better to optimise a portfolio using Low data.
It is clear by looking at Table 9 that (for annual rebalancing) the portfolio
from Low data is superior to both those of High and Closing Data. The only
difference being a change of order between Low and Closing portfolios at an
optimisation period of 7 years, a difference which is not influential since opti-
mising over 7 years is not advisable and far from the benchmark. Figures 10
to 14 paint a clear picture and give an appreciation for the differences in the
portfolios.
Table 10 alludes to the further dominance of the Low data portfolio, though
the data period is not long enough to acquire a full appreciation for biennial
portfolio rebalancing. It is however helpful and does not contradict what was
previously said.
Considering the standard use of closing price data it is reassuring to note
that the portfolios from the Closings rival those of the Lows. But the interesting
observation is the poor performance of the portfolios from the Highs.
The observation most clear in the above figures is that for differing periods in
optimisation and investment, portfolios from different data sets differ in value
relative to one another. And since we see an obvious dominance of the Low
portfolio, it would appear that the selection of a preferable dataset is possible.
That is to say that though the Low series seems to be preferable, it is not certain
to be so.
This suggests that the 3 data sets all contain information that might be
useful. Indeed, a combination of H, L and C series is certainly possible according
to Parkinson (1980) and others, and might be preferable to using any single
series.
7 Combining Highs, Lows and Closings
The two elements central to the current focus are the mean vector (p) and the
covariance matrix (E) of the log returns. These will have to be reconstructed in
order to combine High, Low and Closing data. The mean vector for a combina-
tion can easily be constructed, initially by an average across H, L and C. The
covariance matrix is more complicated, but an initial approximation is possible.
New estimators for variance that rely on the High, Low and Closing price











estimators as first detailed in Parkinson (1980). This type of estimator provides
combined estimates of variance for individual share returns and can therefore be
used to replace the main diagonal of the covariance matrix with the estimated
variance for each share. The off-diagonal elements will require the combination
of the covariance matrices from High, Low and Closing data. The off-diagonal
elements from the Closing series matrix provide an approximation as they are
well representative of the covariance structure, the covariances between shares
for Highs, Lows and Closings are indeed similar.
An approximation to the mean vector and covariance matrix for the combi-
nation is constructed below in order to view the efficient frontier and to compare
optimal portfolios of the combination to those of the individual series. A prac-
tical version of the Garman and Klass estimator (shown in the next section)
for variance will be used to replace the main diagonal in the covariance matrix
from the Closing series. There are other estimators available, but the Garman
and Klass is appropriate for illustrative purposes due to its simplicity.
7.1 Efficient Frontier using the Garman and Klass estima-
tor
As detailed in Beckers (1983), a practical version of the Garman and Klass
estimator is:
where 0-2 is variance, Ht, Lt and Ct are high, low and closing log returns.
Efficient frontiers are plotted in Figure 18 for High, Low and Closing data
as well as for the new estimator using the Troskie-Hossain Improved Multiple
Index Model. The covariance matrix including the new estimator is constructed
as discussed above. The mean vector to be used with the new estimates is taken











The efficient frontier from the Garman and Klass estimator appears to be
closest to the Lows. This is possibly a positive outcome considering the perfor-
mance of the Lows in the backtesting.
Table 11 shows that the optimal portfolio generated from the Garman and
Klass estimator is distinct from those of the H, L and C in the weightings it
assigns to different shares. To further compare this new optimal portfolio a
backtest similar to the previously performed ones is conducted.
7.3 Further backtesting
The optimisation period used for backtesting here will include periods from 3 to











Figures of portfolio growth for more optimisation periods are not shown
to avoid repetition. They do however show that the portfolio from the new
estimator performs comparably to the other portfolios. It would remain better
to simply use the Lows for this dataset, but there are no immediate problems
with using the new estimator, and there is room for development. Table 12
summarises the relative performance of portfolios, where a 1 again indicates the











It has been shown that the High, Low and Closing price series are certainly
of interest to Modern Portfolio Theory. In terms of the use of the individual
series, the positions of the efficient frontiers relative to one another in mean -
standard deviation space are certainly different, which adds information to the
establishment of risk versus return. It is indeed possible to optimise a portfolio
using High or Low data in the place of Closing data, and the backtests suggest
that at least for the dataset in use, optimising using the Low data may achieve
better results than by using Closing data.
It would seem that obtaining an accurate combination of High, Low and
Closing data in order to estimate variance is advisable and very likely required.
This because though the 3 datasets are similar, their differences are valuable.
The correct philosophy is perhaps to prioritise obtaining the best estimates of
variance and covariance between shares possible, and to achieve this, High and
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